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A methodology is proposed to model the complex morphology of rough interfaces using Fourier tech-
niques and image analysis. It allows an optimal representation of a rough interface so as to enable a real-
istic calculation of the local stress and strain ﬁelds in the interface vicinity using ﬁnite element
techniques. The methodology is illustrated through a sensitivity analysis carried out on a thermal barrier
coating system. Typical bi-material interfaces with different levels of morphological complexity are
described in 2D and 3D using both periodic (sinusoidal) and Fourier functions. The results are discussed
in terms of their relative accuracy.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
In the context of the local approaches followed to describe dam-
age and fracture processes, the accuracy of analytical and numeri-
cal predictions of the local stress and strain ﬁelds are strongly
linked to the quality of the microstructure description. This
includes both the constitutive behaviour of the interface and the
individual system constituents as well as of their morphological
characteristics. The role of interfaces in particular is crucial to
describe the mechanisms of interfacial damage and their evolution.
The discretisation and modelling of complex interfaces is gener-
ally done using ﬁnite element (FE) techniques, as they enable a
detailed description of their microstructural features and account
for their own time evolution and loading histories within the
framework provided by continuum mechanics. However, the rela-
tive error associated with the different approximations used to
model complex interfacial morphologies is not generally clear. In
this work, a methodology to model realistically the complex mor-
phologies of bi-material interfaces using both periodic (sinusoidal)
and Fourier functions is presented.
The methodology relies on a typical thermal barrier coating
(TBC) system to carry out a sensitivity analysis and illustrate the
relative accuracy of the different morphological descriptions of
the TBC interfaces. This is particularly important in such systems
as TBC life is known to be mostly related to the integrity of the
interfaces between its constituent layers. Modelling the evolution
of TBC interfaces is still a challenging task since a strong couplingexists between the local interface morphology and properties, and
the prevailing thermo-mechanical loading conditions.
TBC systems are widely used to protect the hottest parts of both
aero-engines and land based gas turbines from high temperature
transient and detrimental oxidation (Evans et al., 2001). A ceramic
top-coat with a very low thermal conductivity enables a decrease
of the substrate temperature. A metallic intermediate bonding
layer (or bond coat) is also used in the TBC as an aluminium reser-
voir to form a fully dense thermally grown oxide (TGO) at high
temperatures. A typical micrograph of an electron beam physical
vapour deposition (EB-PVD) TBC is shown in Fig. 1(a).
Interfacial properties can be estimated as a function of local
microstructural and mechanical variables such as, among others,
oxide thickness and growth strains, out-of-plane stress component
or bond-coat ratchetting behaviour (Tolpygo et al., 2001; Busso
et al., 2001; Balint and Hutchinson, 2005). In addition, the top cera-
mic layer is known to fail by buckling involving a global in-plane
compressive state (as predicted by either a critical in-plane
stress/strain (Courcier et al., 2011) or an energy based criterion
(Caliez et al., 2003; Thery et al., 2007). Even though FE analyses
are generally relied upon to estimate those quantities, the repre-
sentativity of the modelling assumptions such as the behaviour
of each layer needs to be ascertained. For instance, it has been
shown that creep properties of both the TGO and bond-coat layers
are required to accurately predict stress relaxation at high temper-
atures (Rsler et al., 2004; Busso et al., 2010). Furthermore, some
TBC systems are prone to developing complex 3D morphologies,
such as that due to the rumpling mechanismwhich develops under
thermal cycling (Deb et al., 1987; Tolpygo and Clarke, 2000;
Maurel et al., 2012; Maurel et al., 2013). However, most published
work treat such problems based on 2D FE analyses and on a
xz
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Fig. 1. (a) SEM micrograph of an EB-PVD TBC cross section, (b) binary represen-
tation of the micrograph shown in (a) after isolating the TGO, and (c) closed-up
view of the mean TGO and of top (YSZ-TGO) and bottom (BC-TGO) interface proﬁles.
Table 1
Transversally elastic properties of the ceramic top-coat, and elastic properties of the
thermally grown oxide as a function of temperature (Chung and Simmons, 1968;
Jaminet et al., 1992; Fukuhara and Yamauchi, 1993; Wachtman, 1996).
T (C) Top coat TGO
E3 (GPa) E1 = E2 (GPa) mzz E (GPa) m
25 200 60 0.3 404 0.23
600 # # # 370 0.22
800 355 0.21
1000 325 0.20
1100 320 0.20
Table 2
Creep parameters used for the bond-coat and the TGO layers.
n Q (kJ/mol) A (s1) r0 (MPa)
Bond coat 4.10 282 1.1  108 100
TGO 1.85 690 5.1  1016 100
Table 3
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of complex interfacial roughness and 3D effects are seldom ana-
lysed (Jinnestrand and Sjstrom, 2001). This work thus has as it
main objective to develop a modelling methodology to address
that shortcoming.
This work is organised as follows. First, a description of the way
in which interface roughness measured experimentally is charac-
terised using image-processing tools and Fourier analysis is pre-
sented. Then, the FE discretisation of complex TBC interfaces in
both 2D and 3D are discussed. Finally, the preceding tools are used
to study the local stress and strain ﬁelds in typical TBC systems,
and the implications of their relative accuracies are discussed.Elastic properties and rate-independent ﬂow stress of the bond coat as a function of
temperature (Lapin, 1997; Busso et al., 2001).
T (C) E (GPa) m rY (GPa)
25 117 0.24 420
600 104 # 360
800 99 260
1000 94 190
1100 92 120
Table 4
Thermal expansion coefﬁcients, a (106 C), for the top coat (Chen et al., 1998), the
TGO (Chen et al., 1998), the bond coat (Panat et al., 2003) and the CMSX-4 superalloy
substrate as a function of temperature.
T (C) Top coat Bond coat TGO Substrate
25 9.7 12.3 8.0 13.9
600 9.9 15.2 8.7 14.0
800 10.0 16.3 9.0 14.5
1000 10.1 17.2 9.3 16.0
1100 10.1 17.7 9.5 16.12. Material system and experimental interface roughness
characterisation
2.1. Material system and properties
The interface roughness characterisation of the typical TBC sys-
tem relied on SEM observations and image processing. The TBC
system analysed in this study consists of an EB-PVD coating depos-
ited on a CMSX-4 Ni base superalloy. The bond-coat composition is
that of a NiCoCrAlY layer with an average 80 lm thickness, and the
yttria partially stabilised zirconia (YSZ) top layer is 135 lm thick
on average. Button-shaped specimens were provided by Siemens,
Finspong, Sweden. The 15 mm diameter and 3 mm thick samples
were exposed to air at 1100 C for various lengths of time.
In order to perform the sensitivity analyses, suitable but
simple TBC properties were assumed. These incorporate the
elastic anisotropy of the top EB-PVD ceramic layer and the
elasto-visco-plastic behaviour of the BC and TGO layers.The YSZ top coat columnar microstructure can be considered to
yield an elastic transversely isotropic behaviour (Johnson et al.,
1998; Lugscheider et al., 2001; Busso et al., 2007), see Table 1.
The following creep model was used for both TGO and the BC
layers,
_evp ¼ A exp  Q
RT
 
req
r0
 n
ð1Þ
where A is a creep constant, n is the creep exponent, Q the activa-
tion energy, R the fundamental molar gas constant (8.314 J/mol),
and r0 is a scaling parameter, here taken to be 100 MPa. Further-
more, req is the Mises stress. The material constants A; n and Q,
were determined from bulk alumina data and taken as the average
values of those experimentally obtained for Y-doped alumina by
French et al. (1994) and Cho et al. (1997), see Table 2. The corre-
sponding materials properties are listed in Tables 3 and 4.
The identiﬁcation of a characteristic or representative length
scale for the TBC interfaces as well as the corresponding Fourier
analysis are described below.
2.2. Identiﬁcation of a representative interfacial length
The methodology relies on SEM micrograph images of the TBC
cross-section such as that shown in Fig. 1(a). The ﬁrst step in the
Xw
X+w
C(X,w)
δ
Fig. 2. Measured covariance expressed in terms of the width of the analysed EB-
PVD TBC interface region.
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TGO layer, i.e., the central dark layer in Fig. 1(a).
To analyse several specimens and/or representative areas, the
use of an equivalent grey level histogram for each SEM micrograph
was required. The initial image of the micrograph was encoded
using an 8-bit format. A digital image cleaning procedure was then
used to identify clearly each of the system layers. Pixels with weak
luminance were assumed to correspond to pores in the YSZ layer,
and to the b-NiAl phase in the bond-coat layer. A thresholding
method was applied: all the pixels in the initial micrograph whose
grey values ranged from 0 to 10 were converted to black pixels.
Moreover, erosion/dilatation was applied, and all the isolated black
pixels whose size were under 100 nm were not retained. The
remaining pixels were converted into white ones thus enabling a
binary picture to be obtained. To extract the oxide layer from the
binary picture, a geometrical percolation procedure was followed,
whereby only the black pixels belonging to the TGO percolated
from left to right of the binary picture were kept. The result is
shown in Fig. 1(b).
The mean out-of-plane oxide position (z) was then obtained as a
function of the in-plane position (x) along the TGO layer. The cor-
responding TGO mean proﬁle is given by the white line in Fig. 1(c).
The YSZ-TGO and BC-TGO interface proﬁles were also extracted in
a similar way, and they are given by the white lines deﬁning the
lower and top interfaces of the oxide layer in Fig. 1(c). The corre-
sponding mean amplitude, a, and wavelength, w, were 0.864 lm
and 11.270 lm respectively. Furthermore, the absolute roughness,
Ra, and linear roughness (tortuosity), Rl ¼ L=L0, were identiﬁed for
each proﬁle. The results are given in Table 5.
To determine a representative interfacial length, it was neces-
sary to analyse the micrographs along a 800 lm long region along
the interface. This length was assumed to be sufﬁciently long to
incorporate enough local heterogeneities to be representative of
the broad range of morphological variations in the TGO. Image-
processing analysis can be used to determine a representative ele-
mentary length of the whole micrograph based on the oxide layer
covariance, C. The covariance is a scalar function deﬁning the cov-
ering ratio between an initial image, X, and the same image trans-
lated by a vector d;Xþd, as illustrated in Fig. 2. For a group of pixels,
X, and for a given vector, d, the covariance, CðX; dÞ is deﬁned as:
CðX; dÞ ¼ X \ Xþd ð2Þ
The covariance of the pixels contained within the TGO is given in
Fig. 2. Its value decreases with increasing d, from 22% (d ¼ 0 lm)
to 16% (d ¼ 800 lm). In agreement with common practice (Serra,
1988), a value of the representative elementary length can be iden-
tiﬁed by the point deﬁning the end of a signiﬁcant drop in C. This
point is deﬁned by the dashed line in Fig. 2. For the EB-PVD TBC
sample analysed here, 28 lm was chosen as the corresponding
interfacial length value with a good level of conﬁdence. This implies
that the TGO morphology could be modelled by a 28 lm long TGO
region without signiﬁcant loss of information with respect to the
stability of the covariance criterion. This value was found to be
greater than the mean wavelength previously obtained using a
sinusoidal proﬁle, namely w ¼ 11:27 lm.Table 5
TGO interfaces and mean oxide roughnesses expressed in terms of the absolute, Ra ,
and linear, Rl , roughness measures. The equivalent mean sinusoidal amplitude, a, is
also given for a wavelength w ¼ 11:27 lm. (Here, Lbot and Ltop are the YSZ-TGO and
BC-TGO proﬁle lengths, respectively.)
Ra (lm) Rlð¼ LiLÞ with i = top, mean, bot. a (lm)
TGO–YSZ interface 0.71 1.036 0.715
Mean 0.74 1.052 0.864
TGO–BC interface 0.99 1.086 1.1272.3. Fourier analysis of a rough interface
The use of unit cell techniques to model rough interfaces based
on simple 2D sinusoidal functions might provide a compromise
between the accuracy of the predicted stress–strain ﬁelds and an
acceptable CPU time. However, such approaches are insufﬁcient
when considering local heterogeneities along interfaces which
might be critical regions such as potential micro-crack initiation
sites.
To address this problem, rough interface proﬁles obtained by
image-processing analysis, such as that shown in Fig. 1(c), were
described using Fourier series. Consider then the 28 lm long
region of the global proﬁle, having the same mean roughness as
that reported in Table 5, namely Rl ¼ 1:052. Here, the region in
question is assumed to be periodic and representative of the global
TGO layer. Let then the rough proﬁle of the YSZ/BC interface, PðxÞ,
to be described by a discrete Fourier transform, PðxÞ, where x is
the position along the oxide interface. In order to simplify the Fou-
rier series which deﬁnes the oxide mean proﬁle, only the ﬁrst N
spatial frequencies, k=w, are kept, for k ¼ ½1 N, where w is the
width of the analysed proﬁle. The TGO mean proﬁle is therefore
deﬁned by (2 N) parameters (ak; bk), for the N frequencies related
to the Fourier series. Then,
PNðxÞ ¼
a0
2
þ
XN
k
ak cos k
2px
w
 
þ bk sin k2pxw
  
 PðxÞ ð3Þ
The quality of the rough interface model was tested by compar-
ing the measured mean oxide proﬁles and the Fourier transforms
using different number of terms, N. It can be seen in Fig. 3 that a
good ﬁtting was obtained when N ¼ 16, hence conﬁrming the
accuracy of the Fourier transform approach.3. Finite element discretisation of typical interfaces
Based on the interfacial representative element length and the
corresponding Fourier transform of the rough interface obtained
in the previous image analysis, 2D and 3D models were con-
structed using linear ﬁnite elements (FE). They will be used later
on for the sensitivity analyses of the local mechanical ﬁelds at
the or near the oxide interfaces and global stored energy in TBC.
3.1. 2D FE mesh of the representative rough interface
The 28 lm-long interface domain to be considered here is the
representative proﬁle of the oxide geometry shown in Fig. 4(a).
Fig. 3. Comparison between the oxide mean proﬁles obtained by image-processing
analysis (continuous line) and its Fourier approximation with different number of
terms (N ¼ 3, 10 and 16) (dotted line).
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regular ﬁnite element mesh was constructed, see Fig. 4(b). Fourier
decomposition was then applied to the whole oxide layer, byTGO
1
2
(a)
interface
interface
1 m
x
z
YSZ
BC
Fig. 4. (a) Detail of typical EB-PVD TBC interfaces, (b) initial undistorted FE meshdisplacing each node along the out-of-plane z-direction according
to Eq. (3)’s Fourier transform. To maintain both mesh regularity
and top and bottom surface ﬂatness, all nodes outside the oxide
layer were also displaced along the out-of-plane z-direction albeit
modulated by a linear function leading to a zero displacement at
the top and bottom of the modelled TBC region. The system of
equations used to satisfy those criteria is thus:
ZðxÞ ¼ PNðxÞ: f ðzÞ; with f ðzÞ ¼
z z3
z2  z3 ; for z2 < z 6 z3 ð4Þ
ZðxÞ ¼ PNðxÞ; for z1 < z 6 z2 ð5Þ
ZðxÞ ¼ PNðxÞ  gðzÞ; with gðzÞ ¼
z
z1
; for 0 < z 6 z1 ð6Þ
where PNðxÞ is the Fourier function deﬁned in Eq. (3), Z is the new
out-of-plane position of the node of initial position ðx; zÞ, and zi
denotes the interfacial position (with i ¼ 1;2;3). Thus
z1 ¼ hBC ; z2 ¼ hBC þ hTGO and z3 ¼ hBC þ hTGO þ hYSZ , where hi
(i ¼ BC; TGO;YSZ), is the average thickness of each TBC layer. Note
also that the origin of the cartesian reference system,
ðx; zÞ ¼ ð0;0Þ, was chosen at the bottom left-hand corner of
Fig. 4(a). The ﬁnal distorted mesh, consistent with the desired
TGO morphology, is shown in Figs. 4(c) and 5.
3.2. 2D to 3D extension of the representative roughness proﬁle
No direct 3D measurement of the actual YSZ/BC interface mor-
phology was possible for the TBC system of interest. Thus, it was
assumed that the 2D Fourier analysis could also be suitable to
reproduce, at least qualitatively, the roughness proﬁle in 3D. In
the other in-plane direction, y-direction, orthogonal to the coating
surface according to Fig. 4(a), a new Fourier series was built, RðyÞ.
The frequencies used in the R series, k 2pw
 
with k ¼ 1 to N, was
chosen to be the same as those for the P series. The amplitude
of each term, ck; dk, was arbitrarily modiﬁed so as to obtain a com-
plex 3D surface morphology consistent with what is typically
observed in actual TBC systems, e.g., see Tolpygo and Clarke
(2000). The out-of-plane (z) coordinate of each position in the 3D
mesh was obtained with a function Qðx; yÞ, that combines both
the PðxÞ and the RðyÞ Fourier series, namely:(c)
(b)
and (c) distorted FE mesh corresponding to the interface proﬁle shown in (a).
xz
Fig. 5. 2D model of the TBC system obtained with the Fourier representation using
Fig. 4’s proﬁle with N = 16: the ceramic layer is in red, TGO in yellow and bond-coat
layer in blue. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)
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¼ PNðxÞ
c0
2
þ
XN
k
ck cos k
2py
w
 
þ dk sin k2pyw
  ( )
ð7Þ
where PNðxÞ and RNðyÞ correspond, respectively, to the ﬁrst N spatial
frequencies of PðxÞ and RðyÞ Fourier series. The Z-coordinate
position of each point within the 3D mesh was thus governed by
the following set of equations:
Zðx; yÞ ¼ Qðx; yÞ  f ðzÞ; with f ðzÞ ¼ z z3
z2  z3 ; for z2 < z 6 z3 ð8Þ
Zðx; yÞ ¼ Qðx; yÞ; for z1 < z 6 z2 ð9Þ
Zðx; yÞ ¼ Qðx; yÞ: gðzÞ; with gðzÞ ¼ z
z1
; for 0 < z 6 z1 ð10Þ
where PðxÞ, is the same function as that used for the 2D analysis,
Eq. (3), and (ck;dk) are (2 N) parameters corresponding to the
same N frequencies as those used for the 2D analysis. The initial
3D ﬂat mesh was obtained with a simple extrusion along the
y-direction of the initial 2D ﬂat mesh, Fig. 4(a). The resulting 3D
model for the oxide layer is given in Fig. 6. The resulting 3D model
is quite realistic when compared to actual coatings without ceramic
top-coat layer (e.g., see Panat et al., 2005). Nevertheless, it should be
kept in mind that the waviness of an oxidised metallic surface is
known to be quite different from that of a TGO within a TBC system
due to the different boundary conditions seen by the oxide.x
y
z
Fig. 6. Detail of the 3D view of the TBC model obtained with the Fourier
representation using N = 16: the TGO is shown in yellow and the bond coat layer
in blue. The top ceramic layer was removed for visualisation easiness. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred
to the web version of this article.)As previously stated, the above Fourier analysis is required to
construct the FE models to be used for the sensitivity analysis of
the TBC interfacial morphologies. This was achieved by varying
the order of the Fourier function used to model the rough interface:
only the ﬁrst Fourier series terms were kept and amplitudes were
adjusted to ﬁt the measured average roughness according to the
following relation,
ePNðxÞ ¼ Rq½PðxÞRq½PNðxÞ PNðxÞ ð11Þ
where
Rq½PðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
L0
Z
L0
P2ðxÞdx
s
ð12Þ
corresponds to the roughness of the measured proﬁle using cross-
section analysis, PðxÞ, and, L0, is the observation window length.
Note that a similar correction was also applied to both the 2D and
the 3D meshes.
4. Discussions
In this section, the inﬂuence of the different parameters used to
represent a given interface morphology on the accuracy of the local
and macroscopic variables of interest in the typical TBC system
described previously is investigated.
The mechanical behaviour of TBCs is a complex phenomena
controlled by different physical mechanisms which interact simul-
taneously. The objective of this work is not to study such complex
problem in detail, but to ascertain the relative effect of the inter-
face morphology parameters on two of the main known driving
forces for TBC fracture initiation. The ﬁrst one is the maximum
out-of-plane stress component normal to the mean TGO interface,
max-rzz, which is known to promote microcrack initiation either
within the TGO layer or at the TGO interfaces. The second one,
related to the stability of the TBC system, is the in-plane stored
energy given by,
G ¼ 1
S
Z
VTGO[VYSZ
1
2
e

e : E

: e

edV ð13Þ
where e
e
is the elastic strain tensor, and E

the elastic moduli of
either the YSZ or the TGO. For the 3D case, S in Eq. (13) is taken
as the projection of the interface area on the ðx; yÞ plane, see
Fig. 6. For the 2D case, S is the interface area deﬁned by the interface
length and a unit out-of-plane depth. Even though the max-rzz and
G quantities could not be used to predict the unstable propagation
of an existing defect or crack, they do provide an indication as to the
criticality of crack initiation and propensity for subsequent crack
propagation. Moreover, if cracks propagated through a rough inter-
face, crack closure would have a strong effect on the mixed mode
fracture resistance (Hsia et al., 1997). This is the reason why macro-
scopic energy release rate approaches are generally preferred to
study fracture behaviour. It is worth noting that crack propagation
issues have been reported widely in the literature, e.g. using cohe-
sive zone models as in Hille et al. (2009) and Soulignac et al. (2013).
The TBC is assumed to be subjected to a thermal cycle consist-
ing of an initial cooling period from the stress-free (deposition)
temperature of 400 C to room temperature, followed by 30 min
heating to 1100 C and a 30 min cooling transient back to room
temperature. These thermal transients are representative of the
conditions experienced by the industrial land based turbine appli-
cation of interest in this work. TGO growth is not considered and
the TGO thickness is assumed to be 1 lm for all cases. Even though
the stresses may be relaxed by creep at 1100 C at the end of the
heating-up period, residual stresses are predicted after cooling
the system down to room temperature due the property mismatch
3298 V. Maurel et al. / International Journal of Solids and Structures 51 (2014) 3293–3302between the TBC layers. The values of rzz and G to be discussed
next are those calculated at the end of the cycle (25 C).4.1. Extent of the local perturbations introduced by the interface
roughness in 2D
Rough interfaces generally give rise to local heterogeneities in
the stress and the strain ﬁelds. The extent of the region away from
the interface where these heterogenities develop can have impor-
tant implications when modelling the system. For instance, gains
can be made by reducing the effective 2D region to be modelled.
For a given TBC system, this implies that there is a certain portion
of both YSZ and BC layers which could be excluded from the FE
model of the system without a signiﬁcant loss of accuracy in the
regions of interest. In this work, this issue is ﬁrst addressed on a
YSZ/BC interface having a perfect 2D sinusoidal shape for simplic-
ity. Each layer behaviour is restricted to be elastic since elasticity
yields an upper bound of the local YSZ/BC stresses with respect
to those obtained when plasticity or creep effects are accounted
for.
The ceramic and bond-coat thicknesses are reduced from the
original values of 150 and 53 lm, respectively, to 1.5 lm (Fig. 7
and Table 6). Boundary conditions consist of zero displacement
normal to the external surface (namely Ux ¼ 0 for x ¼ 0 and
x ¼ w, and Uz ¼ 0 for z ¼ 0, Fig. 7). For the nominal YSZ thickness,
the top surface is considered to be stress free, see Fig. 7(a). When
the YSZ layer is not fully modelled, the out-of-plane displacement
on the plane where the cut was made is assumed to be uniform, as
indicated in Fig. 7(b). In Fig. 7, the FE model width corresponds to
the half-wavelength of the interface proﬁle, namely
w=2 ¼ 0:564 lm, used in Table 5. To ascertain the inﬂuence of
the YSZ thickness, the values of the max-rzz and G are given in
Figs. 8 and 9 as a function of the normalised YSZ layer thickness
for different ratios of the amplitude-to-half wavelength (2a=w) of
the mean TGO proﬁle. Here, the BC layer thickness has been kept
constant and equal to 53 lm (Table 6). Note that in Fig. 9 the value-140 -120 -100 -80 -60 -40 -20
sig22 map:1.00000    time:3600         m
(a)
YSZ
TGO
BC
Free surface
M
N
Fig. 7. Contour plot of the stress component, rzz , at 20 C after cooling from 1100 C. (a) C
region of the YSZ layer, removed for visualisation purpose), and (b) YSZ layer corresponof G has been normalised by hYSZ so as to identify more clearly the
region where G and hYSZ depend linearly.
The results in Fig. 8 show that max-rzz is rather insensitive to
the YSZ thickness for hYSZ=maxðhYSZÞ > 0:07, irrespective of the
amplitude of the rough interface. Similarly, those shown on Fig. 9
reveal that the G=hYSZ ratio is unaffected by the YSZ thickness for
hYSZ=maxðhYSZÞP 0:20 for all (2a/w) ratios. Table 6 shows that sim-
ilar results were obtained when keeping the YSZ thickness con-
stant while decreasing the bond-coat thickness.
On the other hand, it is worth mentioning that, no signiﬁcant
effect of the interface roughness on the elastic energy stored
within the YSZ layer is found when only elastic behaviour is
assumed, as shown in Fig. 10. This effect is probably due to the
small relative volume of the YSZ in the rough interface regions.
In contrast, a decrease in the available stored energy with the
roughness amplitude is observed within the TGO layer, see
Fig. 10. It can be seen that the available stored energy in the TGO
is at least one order of magnitude lower than the one in the YSZ.
From the results discussed in this section, it can be inferred as a
general guideline that, for a reduced FE model of the TBC system to
be accurate, at least 20% of the YSZ and BC thicknesses needs to be
explicitly modelled when either elastic or inelastic material prop-
erties are assumed.4.2. Effect of the Fourier representation’s order on the accuracy of the
calculated stress–strain results
The image analyses previously presented showed that a rough
interface could be modelled with different levels of accuracy
depending on the number of terms used in a ﬁnite Fourier series.
The inﬂuence of the high orders terms on the predicted stress
and strain ﬁelds will be determined next using the full elasto-
visco-plastic TBC properties previously introduced, see Section 2.1.
A sensitivity analysis was ﬁrst performed to assess the optimal
order of the Fourier representation to be used. The corresponding
maximum value of the out-of-plane stress component, max-rzz,0 20 40 60 80
in:-127.613 max:86.2737
(b)
Uniform displacement
a
w/2
x
z
orresponds to hYSZ ¼ 150 lm reference geometry (double dashed lines delineate the
ding to the Table 6’s hYSZ ¼ 3:4 lm case.
Table 6
Evolution of the mean and maximum stress components parallel, rxx , and normal, rzz ,
to the TBC surface as a function of the BC and YSZ thicknesses used for the elastic 2D
FE analyses.
hYSZ
(lm)
hBC
(lm)
maxðrzzÞ
(MPa)
meanðrYSZxx Þ
(MPa)
meanðrBCxx Þ
(MPa)
Actual thickness
150.0 53.0 86 154 888
150.0 5.0 87 154 889
150.0 4.0 89 154 889
150.0 3.0 92 154 890
150.0 2.0 102 154 893
37.3 53.0 86 154 889
4.4 53.0 84 157 890
3.4 53.0 81 158 891
2.4 53.0 76 159 893
1.4 53.0 63 163 897
Fig. 8. Effect of the normalised YSZ thickness on max-rzz within the bond-coat for
different values of the amplitude-to-half wavelength ratio (2a/w) of the mean TGO
roughness proﬁle. Here, hYSZ is normalised by its nominal value of 150 lm, and hBC
is taken to be 53 lm.
Fig. 9. Effect of the normalised YSZ thickness on the elastic energy per unit
thickness for different values of amplitude-to-half wavelength ratio (2a/w) of the
mean TGO roughness proﬁle. Here, hYSZ is normalised by its nominal value of
150 lm, and hBC is taken to be 53 lm.
Fig. 10. Effect of the amplitude-to-half wavelength ratio (2a/w) on the stored
elastic energy within both the YSZ and TGO layers.
Fig. 11. Effect of the Fourier order approximations (Nmax) on max-rzz in the bond
coat (normalised by the 2D plane strain reference value max-rrefzz ) at 20 C after
cooling from 1100 C. The inset shows some of the corresponding roughness
proﬁles used.
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results clearly show that at least ten terms of the Fourier series are
required to obtain an accurate description of max-rzz as can be
inferred from the small accuracy improvements observed for
Nmax > 10. It can be seen that an increase of Nmax from 3 to 16 leads
to an improvement in the predicted normalised max-rzz from 1.00
to 1.87.
Next, the effect of Nmax on the complexity of the stress distribu-
tion and on the most highly stressed locations are discussed.
Fig. 12 shows a contour plot of the out-of-plane stress component,
rzz, at room temperature after cooling from 1100 C for the case
when Nmax ¼ 16. The locations where the maximum stress values
are found are consistent with what has been observed elsewhere
(Caliez et al., 2003; Busso et al., 2001; Karlsson et al., 2003) and
with the results obtained for the sinusoidal case in this work, see
Fig. 7. Crosses labelled A, B and D in Fig. 11 indicate the location
where rzz is the largest, namely at the peak regions of the lower
TGO interface proﬁle. Note that the slight offset of the maximum
stress location found at points A and B from the local interface
peaks is a consequence of the lack of local periodicity. This is in
contrast to the results shown in Fig. 7, where the maximum stress
point is always located at the plane of symmetry (i.e., point N in
Fig. 7(a)).
Fig. 12. Contour plot of the stress component, rzz , at 20 C after cooling from 1100 C.
Table 7
FE results for different 2D and 3D geometries using the full elasto-visco-plastic TBC properties, see Section 2.1.
Model assumption max ðrzzÞ mean ðrYSZxx Þ mean ðrTGOxx Þ G G/G (ref)
Reference: 2D Sinusoidal plane strain 311 154 1780 20.44 1
2D Sinusoidal axisymmetric 376 154 1799 20.44 1
2D Fourier 483 154 1762 20.36 0.996
3D Sinusoidal 498 154 1749 20.31 0.994
3D Fourier 553 154 1900 20.96 1.026
Fig. 13. Contour plots of the stress component rzz at 20 C after cooling from 1100 C. Note that only a half wavelength is modelled in the x—y cross-section. Plots correspond
to (a) ðx; zÞ plane, (b) perspective of the only TGO layer and (c) ðy; zÞ plane.
3300 V. Maurel et al. / International Journal of Solids and Structures 51 (2014) 3293–33024.3. Effect of 3D representation on the accuracy of the calculated
stress–strain results
The complexity of a rough interfacial proﬁle has been so far
idealised in 2D. In this section, simple interfaces will be describedin 3D to identify whether the gains to be made with respect to the
2D case in terms of accuracy justify the greater modelling effort
required. This task was achieved using the 3D meshes described
in Section 3.2 and the full elasto-visco-plastic TBC properties pre-
viously introduced, see Section 2.1. In what follows, discussions
-600 -500 -400 -300 -200 -100 0 100 200 300 400 500
x
y
x
y
z
(b)(a)
Fig. 14. Out-of-plane stress component rzz on the bond-coat side of the bond-coat/TGO interface at 20 C. Other TBC layers are removed for visualisation easiness. (a) Top and
(b) 3D views of the bond-coat layer.
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variations of G values are found for the range of models studied,
as seen in Table 7.
First of all, an axisymmetric model having the same sinusoidal
proﬁle as that used in the 2D plane strain case was considered.
Here, it was found that the maximum out-of-plane stress, max-
rzz, was 20% greater than in 2D plane strain using the full elasto-
visco-plastic TBC properties.
An additional level of complexity from the modelling point of
view is introduced when sinusoidal proﬁles are used to deﬁne
the interfacial mean plane, x-y in Fig. 13 (b). Symmetry boundary
conditions were speciﬁed on the planes at x ¼ 0 and y ¼ 0 and
the planes x ¼ w1=2 and y ¼ w2=2 were constrained to remain ﬂat
and parallel to the symmetry planes, see Fig. 13. Here, it was found
that max-rzz was 30% greater than that in the 2D sinusoidal case.
There, the in-plane wavelengths of the sinusoidal proﬁle were
the same in both in-plane directions, w1 ¼ w2 in Fig. 13(b). Such
case is the most critical one since, if w1 is kept constant and equal
to the wavelength of the reference 2D case, an increase in w2 will
decrease the stress difference between 2D and 3D. In the limiting
case, when w2 !1, the 3D value of max-rzz will converge to that
of the 2D reference case.
Finally, the most faithful possible representation of a generic
rough interface was considered. It was based on a Fourier represen-
tation of the interface in 3D, such as that shown in Fig. 6. The pre-
scribed boundary conditions were the same as those used in the
previous 3D case. A typical numerical prediction is given in
Fig. 14, as a contour plot of the rzz stress component at the bond-
coat side of the bond-coat/TGO interface. It can be seen that the
most highly stressed regions correspond to the peak interfacial
locations, which is consistent with what was observed for the 2D
Fourier and the 3D sinusoidal cases. These results also show that
max-rzz stress is 10% greater than the corresponding value
obtained for the 2D Fourier case, see Table 7. It should be noted that
the lack of periodicity in the 3D Fourier representation does intro-
duce a stronger local morphological anisotropy which increases
the local stresses beyond the level seen in the 3D sinusoidal case.
Another important point to note is that the neighbouring peak
stressed regions can strongly interact with each other, in a similar
way as that shown in Fig. 12 point C. This is contrary to the sinusoi-
dal proﬁle cases where the peak stressed regions did not interact.5. Conclusions
This work has shown that interfacial roughness can be accu-
rately described by using a combination of Fourier analysis withSEM image acquisition and processing techniques. In this way, FE
models which generally relied on the description of 2D/3D inter-
faces using, for instance, sinusoidal proﬁles, can beneﬁt from a
more realistic description of the morphological interface features.
Furthermore, the results indicate that only a limited region of the
system around the interface may need to be modelled to accurately
describe the local stress and strain ﬁelds. For instance, at least 20%
of the YSZ and BC thicknesses for the range of geometries and
material properties considered in this study. It has also been
shown that 2D calculations of local stress ﬁelds in rough interfaces
tend to underpredict 3D results.
The issues addressed in this work are likely to be particularly
relevant to dealing with microstructural characterisation and
modelling in view of the considerable progress been made with
characterisation techniques such as X-ray tomography, piezo-
spectroscopy, etc.
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